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Abstract. We investigate a possible way of constructing finite-dimensional indecomposable
representations of the generalised Lie algebras. The spl(2, 1) superalgebra has been studied
as an example.

1. Introduction

Considering the importance of graded Lie algebras (Gra) in theoretical physics [1],
especially semisimple GLA, itis of interest to examine such algebras and their representa-
tions in the search for a super unified group. The spl(2, 1) superalgebra is one such
algebra whose even part is the Weinberg-Salam algebra and, in this context, it has
received attention in several attempts in obtaining a super unified group of particle
interactions [2].

In Lie algebra theory, the three statements stating the non-existence of an Abelian
ideal, non-degeneracy of the Killing form and reducibility of all finite-dimensional
representations are completely equivalent. In GLa theory, however, each statement is
stronger than the other [3], and several semisimple superalgebras with a desired even
part possess indecomposable representations [4-6], a feature which is naturally
undesirable.

Infinite-dimensional indecomposable representations have been considered earlier
by Gruber er al [4] for the osp(l,2) superalgebra. In this paper, we attempt a
construction of finite-dimensional indecomposable representations for arbitrary I’
graded Lie algebras [7, 8] (I'cLA), which to the best of our knowledge has not been
presented previously.

In an earlier communication [5], we had found a necessary and sufficient condition
for finite-dimensional indecomposable representations using cohomology theory,
namely, that the first cohomology group of the algebra g on a set of endomorphisms
F of the module V onto its g invariant subspace, W, 0% W=V, H.(g, F)=0, o
defining the representation of g in F, F being defined as follows:

F[V]=W F[W]={0}. (1.1)

In this paper, we relate the aforesaid cohomology group H' (g, F), to another that
is easier to compute, i.e. H}(g, W), and possesses a more universal significance; it
could be the cohomology of an irreducible ¢ module W, for instance. It turns out
under a simple assumption that the vanishing of H. (g, F) is exactly equivalent to the
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vanishing of Hy(g, W) if the complementary subspace of V to W, W is invariant
under the second action of g, i.e. if

¢ (X)v, = axw, + bxw, wie W, o, w,e W (1.2)

d(Y)w,e W forall X, Yeg (1.3)
as long as W is not the trivial representation

d(X)w=0 forall Xeg we W. (1.4)

We have no reason to believe that the mode of construction of indecomposable
representations that we present is exhaustive, nevertheless, for the indecomposable
representations of the spl(2, 1) superalgebra [9], first enumerated by Marcu [6], the
method we outline does cover all such representations, so much so that each violation
of (1.3) yields a non-zero H(g, F).

The paper is arranged as follows. In §2 after giving a brief summary of the
cohomology and reducibility of the generalised Lie algebras, we outline our method
of constructing indecomposable representations. In § 3 we consider the indecompos-
able representations of the spl(2, 1) superalgebra as an example, and study the efficacy
of our method in this connection.

Our results are stated in the language of I'GLA [7], which enables them to be
accessible to a wider class of algebraic structures.

2. Construction of indecomposable representations

Let g be a I' graded Lie algebra (I'GLA) over a commutative field F. Let ¢:g>End V
define a representation of g in V. We define

C'(g, V)={f:g"> V:fisF linear and f(X,,..., X;, Xis1,..., X))
= —8(|Xi\9 |Xi+ll)f(Xla DRIEY Xl'+l9 Xi sy Xn)Xl'ega l= 1’ crey n} (2'1)

|X;|eT, being the degree of X;eg on the Abelian group I'. We further define
8":C"(g,v)>C""'(g, V) by

Snf(Xla ey Xn+1)

= ;1 (_I)H-ls(’:gl ’XkL |X,|)€(|ﬂ, |X,!)¢(X,)f(X1, vy XA!” vy Xn+1)
n+1 L i~1 i—1
+i<z':=1 (—l)lﬂE(kgx iXkL |X,-|)€<jl=1 |Xll, |X]|)
X e(IX], I XDFUXn Xy oo Koo X Xy (2.2)

|fl€T being the degree of f.
We further define

C%g, V)={f:F>V, fisF linear} (2.3)
and

8°1(X) =e(fl, I XD (X)f(1) VXeg (2.4)
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It follows that 8" < 8""'=0 ¥n >0 so that we may define
Z,(g V)=kerd"
Bi(g, V)=Imé""' (2.5)
Hi(g V)=2Z,(8 V)/By(g V)

as the nth cocycles, nth coboundaries and nth cohomology groups respectively [8].

In earlier investigations, it has been proved that the ¢ module V of g is completely
reducible into a g-invariant subspace W of V iff H.(g, F)=0 [5, 10] where F is the
set of endomorphisms

F[V]=W F[W1={0} (2.6)
and
o(X)D={(¢(X), D) VXeg DeF (2.7)

defines a representation of g in F. This was done by invoking a projection operator
B of V onto W which is I' homogeneous of degree zero. It is easily seen that

8(X)=(¢(X), B)e Z,(g, F). (2.8)

In what follows, we assume the form (2.8) for the first cocycle Z) (g, F). We now
show that H.(g, F)=0 is exactly equivalent to H(g, W)=0 under the assumption
that (2.8) defines the form of an element of the first cocyle.

From (2.8), we see that 6 is I’ homogeneous of degree zero, as B is. Hence, if
H.(g F)=0,

0(X)=0c(X)D VXeg DeF (2.9)
This implies that

(¢(X),(B=-D)vg=0 Vuge Vp (2.10)
i.e.

(B-D)é(X)vg = (X)(B—D)ug. (2.11)
Let

f(X)=e(B,IX)(B-D)é(X)uv,. (2.12)

Then it is easy to see that fe Z,(g, W), seeing that |f|=8 and
(X, Y) = el f|, XD (X)f(Y) =2 (A, | YDe( XL, [ YNS(Y)F(X) = (X, ¥)) =0
using (2.11) and (2.12). But, again using (2.11),
S(X)=e(B,1X)¢(X)(B - D)uv,. (2.13)
Hence if fe Z (g, W) using (2.13), Iw:
S(X)=8w(X)=¢(X)w(e(lwl, X))
where w(1) = (B~ D)u,.
Hence

H)(g, F)=0= Hi(g, W)=0. (2.14)
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We now see that if W is not the trivial representation (1.3) and if (1.2) holds,
H,(g, W)=0= H(g, F)=0.
Let

f(X)=e(B,|X])p(x)v, (2.15)
=E(B,‘Xl)[axwxxwa'*‘bxwfx\ﬂs] (2.15q)

VXe 8, ‘X‘, ﬁ (S F, Ug € WB’ MXHB € Mx‘.,.ﬂ, W‘lx|+ﬁ € ‘x/‘xHB, Ay, bx € F, a commutative
field of characteristic zero. Then it is easy to see that

(X, Y)=0 fieZy(g V). (2.16)
However, if

S (Y)Wixirs € Wixpaivis VX,Yeg Bel (2.17)
then it may be seen using (2.15) and (2.16) and the fact that W is g invariant that

f(X)=e(B,|Xaxwxss€ Zy(g W). (2.18)
If

Hy(g W)=0  f(X)=¢(B,|X)$(X)ws (2.19)
so that

axWix|+s = $(X)wp. (2.19a)

Now, if 8 and 6 are defined as in (2.8), then
8(X)vs =[Bo(X)—-(X)Blu,
= B(axW|x\+5 + bxW\lx1+;3) - ¢(X)BU;3]

=[axWxi+p+ B(bxwix|-5) — #(X)Bu,]. (2.20)
Choosing
Duvg = B(vg — wjp) (2.20a)
we see, using (2.19a), that (2.20) reduces to
6(X)vs =[Dg(X) - $(X)D]us (2.21)
using the fact that for wix|.sBvs = Dvg as
S(Y)Wixirp € Wixjrivieg VX, Yeg

hence w/x|+|y-s =0 in this case.
(2.21) is equivalent to the statement that 3De F

8(X)=0(X)D VXeg (2.22)
ie.
H,(g, F)=0.

Hence, if (2.17) is satisfied, H)(g, W) =0 is equivalent to H!(g, F)=0. We see
that the statement H.(g, F)=0 is stronger than H\(g, W) =0, albeit the fact that
H (g, W) for irreducible representations W has a more universal significance.

The above analysis breaks down if W is the representation

(X)) =0 VXecg vge Ws,Bel.
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If ax in (2.15a) is non-zero, we see from (2.18) that
f(X)eZy(g W).

But in this case, even if (2.17) holds
f(X)# $(X)wg =0

and so the canonical choice (2.20a) is not possible.

We close this section with a recipe for constructing finite-dimensional indecompos-
able representations of a semisimple 'GLA g. We start with all the finite-dimensional
irreducible representations W of the I'GLA and compute H (g, W) for all such rep-
resentations (methods for doing so and requiring no further information than the
commutation relations of the algebra and the structure of its irreducible representations
are detailed in [5, 8]). After this, indecomposable representations are constructed in
three stages.

(i) We select those representations W, for which H,(g, W,)#0. For these, one
chooses an irreducible representation W, such that the parameters of W, interlock
with those of W, through the action of the generator of g such that W, is left invariant.
Then one can see from the above analysis that for the representation space V= W, D W,
(D signifies that W, is left invariant), H,(g, F)#0, F and o being defined in (2.6)
and (2.7), respectively, with W, replacing W. Hence the representation space V
constructed above is indecomposable.

An example is the representation space V =[3], D[1], of the spl(2, 1) superalgebra
which has been considered in [6]. Identifying W, with [],, one sees that H(g, W,)#0
is perfectly consistent with the indecomposability of V as Hl(g, F)#0.

(ii) We next consider the irreducible representations W, for which H(g, W,)=0.
We consider all possible ways of interlocking the representations W, and W, with
each other, so that W, is ginvariant. Letthe action of X € g on W, and W, be as follows:

d(X)w e W, (2.23a)
¢(X)W2= axw1+bxW£ W, € Wla Wy, Wée W2 . (2.23b)

(iii) Then, when the action of the other generators Y of g on W, (for which
H (g, W,) need not be zero), one has only to satisfy the condition

d(Y)w,g W, (2.24)

(i.e. the second action of g does not leave the representation space W, invariant) by
a judicious choice of the parameters that exist (for spl(2, 1) these are a, 8, 8, etc), in
order to obtain an indecomposable representation

V= W]@ Wz.

If the trivial representation is identified with W,, one may even drop the restriction
given by equation (2.24) in order to obtain an indecomposable representation.

The three steps outlined above constitute, under the above analysis, all possible
ways of obtaining H (g, F)# 0 (the criterion for indecomposability arrived at in [5])
for the representation V= W3 W', namely

(1) by choosing an irreducible representation W: H),(g, W) # 0 and interlocking
W with other representations W' such that W is g invariant.

(2) If W is such that H (g, W) =0, by interlocking W with other representations
W’ such that equation (2.24) is satisfied, W being g invariant.
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(3) By choosing W to be the trivial representation and interlocking other irreducible
representations W' with W so that W is g invariant.

Hence these constitute ways of obtaining indecomposable representations.

For the spl(2, 1) superalgebra, as will be seen in the next section, these yield all
finite-dimensiona! indecomposable representations.

3. Indecomposable representations of the spl(2, 1) superalgebra

The spl(2, 1) superalgebra is tabulated below for the convenience of the reader. There
are four even generators (Q., Q-, Q,, B) and four odd generators (V., V_, W,, W_):

[Qs, Q.]==Q. [Q:+, Q-1=2Q; (3.1a)
[B,Q.1=[B, Q]=0 (3.1b)
[B, V.]=3V. [B, W.]=—31W. (3.2a)
[Qs, V.]=%3V. [Q;, Wol=x3W, (3.2b)
[Qs, Va]=[Q., W.]=0 (3.3a)
[Q., V:]=V. [Q., Wl=W,. (3.3b)
[Ve, Vi]=[V., Vo]=[W,, W.]=[W,, W:]=0 (3.4a)
[Ve, W.]=%Q. [V., We]=-Q3£B. (3.4b)

The irreducible representations of the superalgebra are specified by two numbers
b and g. q is the maximal isospin contained by the irreducible representation (b, g),
and b is the eigenvalue of B for the multiplet

Q’¢o=g(g+1)d, (3.5a)

By = beg. (3.5b)
Also, if ¢, is the state with highest weight,

Qo= Vido=W,.¢=0. (3.6)

The representation space of an irreducible representation of spl(2, 1) is generated
by the vectors QT ¢y, (QTV_ )y, (QTW_)¢y and (QTV_W_)¢,, m=0 [9]. The
corresponding isospin multiplets are denoted respectively by |b, ¢), [b+3, g—3), |b 13,
g—1 and |b, g—1) respectively. A typical irreducible representation (b, q), b # g,
contains all these multiplets except for g =3, b # +3 which does not contain |b, g —1).
A non-typical (atypical) irreducible representation is specified by b = ¢, and denoted
by [q].. If b=+gq, the representation contains only the |b, g) and |b+3, ¢ —1) isospin
lmultiplets, if b = —g, the representation contains only the isospin multiplet |b, +g) and
b-3,9-%.

The indecomposable representations of the spl(2, 1) superalgebra have been studied
in detail [6, 10]. These are of two kinds.

(1) Those consisting of two or more typical representations, (b, )2 (b, g)+....

(2) Those consisting of two or more typical representations of the form

(a) [q1:D[g-11.

(b) [g—2).D[q].

(c) [q].P[q]..

It has been seen in [10] that no other form of indecomposable representation can
exist for the superalgebra, and also for each of the above HlL(g, F)#0, and that
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H' (g, W) is zero for all irreducible finite-dimensional representations W except [5]..
We now apply the analysis of § 2.

3.1. Indecomposable representations consisting of two or more typical representations
(b, q)

The matrices of the superalgebra for this representation are given in [6, 10]. The
indecomposability of such a representation arises from the fact that the u(1) generator
of the Cartan subalgebra is non-diagonal, being in its Jordan canonical form. We note
that H,(g, W) =0 for all such irreducible representations W.

We begin with the isospin multiplet |b, g, g;), with X = B. Then, using (2.15a),

¢(B)’ba q, 432 = b)b, 9, 93h +lb, 9 43)2 (3.7
ax=b bx=1- (37(1)

A further application of ¢(B) on |b, g, g5), gives the same result. Hence, by the
above analysis, the representation is indecomposable. Italso turns out that H. (g, F) #0
for the state vector under consideration {10].

The same analysis for ¢(B) may be repeated on each of the other states of (b, q),
e.g. |[b+3, g —3, g3), with the same result. We have thus seen that H'(g, F)#0.

We now see that each violation of (2.17) gives rise to a non-vanishing H,(g, F).
For instance, considering

¢( Vt)ib_%9 q —%5 q3>2
=e(gtqs+3)"7lb, g, g3, {(gF q:—"b, g1, gs £,
+ 8’(‘]*‘13"'%)]/2“7, g, g3 £3).

We have already seen that the action ¢(B) on |b, g, qs), and |b, g —1, g3), involves

b, g, g;); and |b, g —1, g3);, so that (2.17) is violated. This violation also holds if we
consider

#(V.)|b, g—1, gs); S (WL)|b+3, 93, g3),

and ¢(W.|b, g1, g3),.
In each of these cases AD e F:

8(V.)lb,q -1, g3),=0(V.)D|b, g -1, g3)

O(W.)|b+3,9~1 g3)2=a(W.)DIb+1, g -4, g3)s
and

O(W.)|b, g1, gs),=(W.)D|b, g~ 1, g5),.

Also H (g F)#0[10].
We have thus seen for the above representation that whenever (2.17) is violated
for the action of a certain generator X on a representation space vector v, AD € F:

8(X)v=0c(X)Duv.
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3.2. Indecomposable representations consisting of two atypical constituents

These representations were introduced in [6] and really consist of three types [10].
The matrices of these representations have been detailed in [6, 10].

(a) [ql.D[g—1l:.

We first consider the representation [g]. ®[q —1]+, the analysis for [g]_D[q—1]-
following on the same lines. We identify W with [g]. and note that H Lg W)=0
Vg>13[10]. In this case

(V.)lg—19-3 95
=e(q+q,+9)"%q, ¢, : £ D2 {(qF ¢~ D"*g, a1, gs =)
However,
d(Volg, g—1,q:+D=1(q g+ "’|g+13,9 -3, g:= 1)

so that V., acting on |g, ¢ — 1, g; =3) gives a vector belonging to the invariant subspace
[q]. if 7#0, violating (2.17). If =0, as when ¢ =1 condition (2.17) is satisfied, but
Hl(g, W)#0as W=[3]., hence H,(g, F)#0, for if H}(g, F) were zero in this case,
H'(g, W) would also be zero, by (2.14).

For no other generator acting on any other isospin multiplet of V is (2.17) violated.
Hence we see that it is only for the multiplets |g—3, ¢ —3, gs) and |g, g —1, g5} and
X =V, that

6(V.)lg, g—1, g3y # o(V.)D|q, g~ 1, g3)
8(V.)|qg-39-3% gy #a(V.)Dlg—1, 9 -3, ¢3)

resulting in a non-vanishing H (g, F) [10].
For the representation [q]_+[g—3]_, if V. is replaced by W., 7 by » and
lg =1, g—13 g5) by |—q+3, g —3, g3), respectively, (2.17) is violated and

O(W.)lg+3,g-3 g2 a(W.)D|-q+3,9-3, g

unless w =0 [10].

If =0, when (2.17) is satisfied, W =[3]_, for which H4(g, W)=0.

We first consider the representation [q—13], P[q]. and identify W with [q—31]..
For the invariant subspace [q —3]., H}(g, W)=0VYg> 1. Considering this representa-
tion, we see that

d’( Wz)iq+%’ q _%5 q3>
=y(qtq:+3)'"%q,q,q: )£ 8(qF g:—12)"g, g — 1, g, £3). (3.8)

However, for B #0, 6(W.)|q, 4, 93 =+B(g ¥ ¢5)'"*|g 1, ¢ 1, ¢: £ 3, and hence (2.17)
is not satisfied. It has been shown in [10] that ADe F

d(Wo)lg+3, 93, gy =0(W.)Dlg+3,9-5, g5 (3.9a)
and
¢(Wx)iqa qa ‘13>=0'( Wx)D[qv qs ‘h) (39b)

unless B =8 =0. When g =3, =0 and (3.8) satisfies (2.17) as by =0. However, the
invariant subspace W is zero, in which case our analysis breaks down completely, as
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mentioned earlier, for there is no reason to suppose that 8 =0. When g =1, one further
has Hj(g, W,)#0 for W, =[3],, so the representation [3]. D[1]. is indecomposable
unless 8 =8 =0.

For the representation [g—3]_P[g]-, W. is to be replaced by V., 8 by { and B
by « and the above remarks may be repeated.

() [q)i-D[q2]a=- _ . 1
We first consider [g],- P[q]>.. Identifying[q],, with W, we note that H (g, W)=0

Vg >3 In this case we see that
(V)49 4,432 = (47 ¢:)'lg+3, q+1, g1 = m(gF ¢3)' g +1, g~ 3, g3+ 1)>.(3.10a)
However, for = # 0

d(Wo)lg+3,9-3,¢:+2:

=0(gxq:+1)'"%q, ¢, g 1+ o(g=g:+1)'’lg, ¢, 3£ 1) (3.10b)

in which case, for non-zero 6, (2.17) is violated. It has been shown in [10]that AD € F:
8(V.)l4. ¢, 922 = (V) Dlg, 4, g3), (3.11a)
H(W.lg+1,g-% g =a(W.)Dlg+3,9 -1, gs): (3.11b)

unless 7 =6 =0.

When g =0, 7 = 6 =0, so the representation [g],. D [q].. is automatically reducible.

For the representation [g]; P[ql,-, the above analysis may be repeated with the
replacement of V. by W., |g+3, g—3, qs) by |-g—3%,g—13, g5), 7 by { and 6 by u, and
the above analysis goes through without any changes.

It would be interesting to examine the above method for other irreducible rep-
resentations of semisimple graded Lie algebras.

Acknowledgment

I wish to thank the adjudicator for his comments which have added in no small measure
to the clarity of this paper.

References

[1] Fayet P and Ferrara S 1977 Phys. Rep. 32C 249
[2] Neeman Y 1979 Phys. Let. 81B 190
Fairlie D B 1979 Phys. Lett. 82B 97
Squires E J 1979 Phys. Lert. 82B 395
Taylor J G 1979 Phys. Ler. 83B 381
Dondi P H and Jarvis P D 1979 Phys. Letr. 84B 75
[3] Scheunert M 1979 The Theory of Lie Superaigebras ( Lecture Notes in Math. 712) (Berlin: Springer)
{4] Gruber B, Santhanam T and Wilson R 1984 J. Math. Phys. 25 1253
[5] Mitra B and Tripathy K C 1987 Cohomology and Reducibility of Representations of Semisimple T
Graded Lie Algebras
[6] Marcu M 1980 J. Math. Phys. 21 1277
[7] Scheunert M 1979 J. Math. Phys. 20 712
Rittenberg V and Wyler D 1978 Nucl. Phys. B 139 189
[8] Mitra B and Tripathy K C 1984 J. Math. Phys. 28 2550
[9] Scheunert M, Nahm W and Rittenberg V 1977 J. Math. Phys. 18 155
{10] Mitra B 1985 Ind. J. Pure Appl. Math. 16 1267



